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The resultant contact forces and moments are determined for the initial stage of the interaction between an absolutely rigid
smooth convex punch and an anisotropic elastic half-space within the framework of the three-dimensional transient problem,
unlike the case of vertical indentation considered in [1}. © 1997 Elsevier Science Ltd. All rights reserved.

Various aspects of the initial stage of the interaction between a smooth convex punch and an elastic
half-space for an isotropic medium were considered in [2-6].

1. FORMULATION OF THE PROBLEM

Consider a homogeneous anisotropic elastic half-space bounded by the plane x; = 0. In an orthogonal
Cartesian system of coordinates xpxx3 (the x5 axis is directed into the half-space) its motion is governed
by the following equations within the framework of the linear theory of elasticity (i, j, k, m = 1, 2, 3)

azu~ 2 au.
et =y =c, —d . =P
Cimij 3%, Y iy Oy = Cppy o Y o (1.1)

Here u = ue; is the displacement vector, ¢; are vectors forming a basis, 0y, and ¢,,; are the components
of the stress tensor and the tensor of elasticity constants, p is the density of the medium and
differentiation with respect to time 7 is denoted by a dot. In (1.1) and henceforth summation is carried
out over repeated Latin subscripts from 1 to 3. In these formulae and throughout we use dimensionless
variables with the following reference units: length L., time L./c., and mass p.L3, where L., c. and p.
are, respectively, some characteristic length, velocity and density.

Perturbations of one of the two types below are given on the boundaryx; = 0

Ujl y=0=W; (X, x,)€Q, 03| x3=0= 0(x), x,) €2 (1.2)
or

Uyl =0 = Wiy, x3)€Q, Oy, =0(x;, x)eQ (1.3)

03] 3,20 = O23[ 5320 =0

The solutions are assumed to be bounded at infinity and the initial conditions correspond to the state
of rest

| tmo =010 =0 (1.4)
In the linearized formulation of the contact problem ( is the flat contact domain obtained by shifting
the contact surface: between the elastic medium and the punch onto the unperturbed boundary of the

half-space. Perturbations (1.2) correspond to rigid coupling conditions and (1.3) to free slipping
conditions. For an absolutely rigid punch, w; can be defined by

1Prikl. Mat. Mekh. Vol. 60, No. 5, pp.799-809, 1996.
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w;=(uc+r, €;), Uc=uge; (1.5)

where u is the displacement vector of the centre of mass of the punch and r, is the position vector of
the bounding surface IT of the punch in the system of coordinates linked to it.

The motion of the punch can be described by the well-known initial-value problem for an absolutely
rigid body given, for example, in [5]. The velocity of the points of the boundary surface I can be found
as follows:

Vil ={w, 1], @ =we, (1.6)

where o is the angular velocity vector of the punch.

The coupling in the contact problem is determined by the presence in the equations of motion of
the resulting force R and moment M of contact stresses oy = oj3l x = 0- The contact force and moment
can be computed as follows in the linear formulation

R=Rje; = gcjoe;’dxld"z = gsjfiejdxlde 1.7

M=M;jej=Mo—[uc.R]

Mo=Mpe; = Hz["o’ O oe;ldxdx, = [[[ry, S;qe;)dx dx,
R Q
Qjo(xl, X2, t)=Sj3(Xl, XZ, T)H(Dc), r0=x|e|+)t2e2

Dg = supp G = {(x}, X2, T) | (1, x2) € Q, 720}

Here H(D,) is the characteristic function of D;. In the case of boundary conditions (1.3) R, = R, =
M3 = 0, and the formulae for the remaining components can be simplified accordingly.

Relations (1.1), (1.5), (1.7), (1.2) and (1.3) along with the conditions determining Q and the initial-
value problem for the punch provide the mathematical formulation of the contact problem.

2. INFLUENCE FUNCTION

One possible approach to solving the transient contact problem in question is to use the influence
functions for a half-space, which can be defined as follows: The displacements u, = G % and stresses
O = l“},,) « corresponding to the boundary conditions

Uj|y=0=8(xy, x2)8(T)8y (2.1)

will be called the influence functions of the first kind (3 is the Diract delta function and §; is the
Kronecker delta).
Similarly, the displacements u,, = G? x3 and stresses 6, = r2 43 defined by the boundary conditions

x3=0 =080, x3)8(1)3,,; (2.2)

will be called the influence functions of the second kind, while 4, = G; 3 and o, = I}, ; will be referred
to as the influence functions of the third kind if they satisfy the boundary conditions

Uzl y=0 = 8(x), X3)8(T) Oyafgy-0 =O13fy,=0 =0 (23)

Then the displacements and stresses at any point of the half-space can be written as convolutions of

the influence functions with the appropriate functions defining the boundary conditions. Thus, on the
plane x; = 0 we will have

m0

m0 m
Gy =G,y Tit =Ty

x3=0° x3=0; m=l’ 2’ 3)

Uno = U,

= 10 — 10
x=0= o *Gpy,  Opo =g * 13, (24)
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Uno =Oro*Gifs  Gog =0y » o (2:5)

We denote by an asterisk the convolution with respect to the three variables x;, x, and 1. The

corresponding integrals are understood as regularized values, since the functions in (2.4) and (2.5) are
in fact distributions.

The second set of convolutions in (2.4) and the first set in (2.5) are inverse operators to one another.

The convolutions from the first set in (2.5) can be used as integral equations in contact problems (in

the case of free slipping (1.3) 6,9 = 6 = 0). An example of such an approach is given, for example,
in [7]. Convolutions of the following form correspond to the boundary conditions (2.3)

o = lizg ¥ Grl3, Ga = usg + T3, (26)

To find the influence functions in problem (1.1), (1.4), and (2.1), ((2.2) or (2.3)) we apply the Fourier
integral transform with respect to the spatial coordinates x1,x3 (we denote the transform by F and the
parameters by p; and p,) and the Laplace transform with respect to t (L denotes the transform and s

the parameter). Then Eqs (1.1) with (1.4) can be written in a matrix form in the image space of these
transforms

2 2
DZU”_i Z' melmU’_ Z lpjmeOjrnU = ‘YZSZU
m=

Jym=

2 2
$=D,U'-i 3 p,A,,U. S =BU-i3 B, U 2.7
m=1 m=|

Oy . 2 0
X=DU'+(E;-i ¥, p,A3,)U
m=}

FL FL FL FL
U 13 1 13
FL FL
U=k;"t S=foir]l S, =jolfl x=[oft
FL FL FL
33 02 Uy

E,= |s,36,3ﬂ3x3, E’=E-E, DJ=E°D,, A}, =E°A,,

Here E is the unit matrix, differentiation with respect to x; is denoted by a prime, and the 3 x 3 matrices
D3, Dy, Dgjm, A, By and By, are defined in terms of the elasticity constants of the medium

D2 ="cm3n3"' AOI = "cm.'lnlﬂ’ A02 = "Cm3n2"

Dy, ="(mlnl"’ Dy, = Dgzx ="cmln2n' Dy, ="Cm2n2" (2.8)

T
D) =Ag+Ag. Dj=Ap,+AL

Sz haa a3 im  Cri2zm Cliam
B, =llciain ¢ Gl Bom =|[C12im Gu2m  C23m
€2213 €223 €233 C21m  C22m  €C223m

Analysing the characteristic equation of the system of differential equations
6
Y a,(py, py, A" =0 (2.9)
n=0

in (2.7), one can sce that the coefficients a,(p;, p,, s) are homogeneous polynomials of degree n and
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the roots A(p;, P2, s) are homogeneous functions of order one with Re Ay < 0 (I = 1, 2, 3). The
corresponding system of algebraic equations implies that the eigenvectors XP(py, pa, ) of the
orthonormalized system are homogeneous functions of order zero.

The solution of (2.7) bounded at infinity has the form

3 3
U=% Cy{fi(x;), 8= Py Cy P fi(x3)
3 3 2 4
X=l_2] Cvi filx3) S, =IZI Cry iV fi(x3) (2.10)
@ . & )
fitx)=expAix;), Yo =(Dyhg =i puAom)¥e
m=]
. 2
R (SUTWETS o M
) . ) T
v =h2, ¥ v

The constants C; can be determined from the boundary conditions (2.1) or (2.2) or (2.3) in the image
space ([8(0)]F = 1, [8(xy, x)ff = 1). Then, for the influence functions of type j we obtain (there is no
summation with respect to k)

u=|c, Git, G{_":HT=|A ,.|"'I_)3:| D' MPy P f(x3)

s=|rifs, i, i =ja [ ,‘i. DM MPY P fi(xy) (211)
si=frit. ik r (AT ot My O

A=h® v ¥P] (=12 JA =1 A =EPA,+EA,

Here M (,{,)are the minors corresponding to the elements in the row k and column ! of A; and o is defined
bya =kforj=1,0a=k3forj=2anda=k=3forj=3.

It is not possible to find analytic expressions for the original influence functions mainly because
of the complexity of (2.9). No practical simplification of the computation of the origin functions
can be achieved by considering anisotropic media with various symmetries, except for the well-known
case of an isotropic medium, or by changing to a lower-dimensional (planar or axisymmetric)
problem.

For the aforesaid forms of symmetry [8] (where the relation between the four-index symbols ¢;ixm
and the two-index symbols ¢; for the elasticity constants is also given) Eq. (2.9) becomes a bicu‘)ic
equation.

a N * =0, a=a;=as=0 (2.12)

™M

k=0

and the following functional relations hold
second-order axis of symmetry x3 or symmetry about the plane xyx;

1 =bk(P|2’ P3. PiP2 N = -k (p}. 3. PiPa s%) (2.13)
an orthotropic medium
ay =be(pl. PR s M==k(pl. pi. 5P (2.14)
transversely isotropic medium with x3 axis

a3 = b (pE+pE. %), Ay =—k(pl +p3. sP) (2.15)
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cubic symmetry
8y = b (pi +p3. PPP}. sP) A =—k(pt+pl, pipi. s (2.16)

an isotropic medium
M=k =ypl+pi+nist, —Ayy =k =4 pl +p] +nis’ (2.17)

Me=celcen cp=xy/nf, cu=v"/nl x=A/(A+2p)

where ¢, are the wave propagation velocities and A and p are the Lamé constants.

The transforms of the influence functions for the plane problem (when the tensor of elasticity constants
is symmetric about the plane xyx3) can be obtained from (2.7) if we set p, = 0, p; = p, and u, = 0. Then
the characteristic polynomial (2.9) will be of degree four (@ = a; = 0). In the special cases of an
orthotropic transversely isotropic medium or cubic symmetry the characteristic equation is biquadratic.
Even though its roots can be written explicitly, it proves as difficult to obtain explicit formulae for the
influence functions as in the general case of the plane problem.

Despite the complexity of the transforms (2.11) of the influence functions they can be used to establish
a relation between the integral characteristics of the contact problem.

3. THE RELATION BETWEEN THE INTEGRAL CHARACTERISTICS

For problems with boundary conditions (1.2) or (1.3) the stresses 6, or 633 have support Q in the
plane x; = 0. We will denote by Q, the analogous support for the displacements oo (Q C Q,). By the
force integral characteristics we shall mean the integrals in (1.7), for which we retain the notation R;
and My; of the contact problem. The integral displacements Uj, velocities V), and their moments U,,,;,
Vi (j =1,2,3; m = 1, 2) of order one will be called the kinematic integral characteristics

Ujo= H ujodxdx, = .U w;dxdx,, v, = H lijod"ld’fz
. Q, R

Umj = I{xmujodxldxb ij = Ij‘lxmdjodxldxl (31)
R

ujo(x,, X3, T)=Wj(x|' X3, DH(D,)

D, = supp up = {(x;, x2, T) | (x1, %) € Q,, 120}

We will establish a relation between the force and kinematic characteristics for the problem with
boundary conditions (1.2). From (1.7), using the properties of the Fourier transform, we find in a similar
way as in [2, 5, 6] that

R = lim [[o;e" M1 * P2 dxdx, =65 (0, 0, 1)
P.p2—0 g2

_ P p @
My = n.],l»znlao (x,03) i 'hm G3 (3.2)

- 3 - d ¢ d _F
My, =i lim —o3y, Mpu=—-i lim |—07~——0C
02 = o 3y 0¥ 03 m-m—ﬁo[ap, 2=, o
By (2.4), to evaluate the limits in (3.2) it is necessary to know the limiting values of the transforms

of the influence functions F13(,’,, « and their derivatives. The eigenvalue problem for the system of
differential equations in (2.7) has the following form for p; = p, = 0

D, ~CPE=0, (D,~LE)y,0=0, AL =-1 (3.3)

(2) (2)

= gD = T =
Yo=Y p,=p,=o—|Yuo» Yo, Yalou » Ya0 = Ya lp.=p,=o=-YS§a‘Yao
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Since the matrix D, is symmetric, its eigenvalues l;% are real and positive. It can be shown that the numbers
£3 have a well-defined physical meaning, namely, {,/y = cy, are the velocities of propagation of plane
waves in the direction of e;.

Using the properties of integral transforms and formulae (2.4), (2.11) and (3.3), from (3.2) we find
that ({, > 0;1=1,2,3)

R}‘(s) = —Ysu(j}()u,fé(o, 0, s)= "'W»&L) gsufo(x,. Xy, S)dxdx, (34)
WP =T, 0, 9=|A

Here A, is the matrix obtained from A}y = AIL,l = p2 = o by replacing row k by || Ci¥ior C2Yi20r C3¥iao 11
By a direct computation of the determinants | Ay | it can be shown that || & ,k)ll is a symmetric matrix.

In the space of original functions (3.4) takes the form
Ri(D)=-WwPV, (1), V(¥ = || W,dxdx, (3.5)

Q,

The last equality can be obtained using the rule for differentiating generalized functions with bounded
support and the absence of displacement discontinuities on the boundary dD,, of the support: [W]ap, = 0.
It is difficuit to find the limiting values of the derivatives of the influence functions from (2.11). It is

easier to find them by differentiating the system of equations in (2.7) with respect to p,. Then, using
boundary conditions (2.1), for p; = p, = 0 we obtain (n = 1, 2)

D,Vyo - stzvno =iDy,Ug, Quo =D, V,0~iAg, U,

Vo

13=0= v(X) =0, VnO = Vn

n=p=0r Yo =U‘m=m=0 (3.6)

Qo =Q, V,=dU/dp, Q,=3S/dp,

I’|=P2=0'

The vector Uy is defined by (2.11).
Solving (3.6), we can find the required vector Q,g0 = Quls; = 0

Q.0 = i(K, Uy + %x;D,,,Uf,) (3.7
T
J _; 3 _; J
Qa0 = a—p:rl'zr.'i- EPN i EI‘;’{’; =iK, Uy
m=py=x3=0

T T
Ug =u51k, 8 531:“ . K, =}/2(A0n “AOH)="”$""') Ix3
(n) _
2%’ = Cium3 = C13m3

By the symmetry of the elasticity constants c;u,,, the elements of the matrices K, have the following
properties

i) ==, w2 = xi =0
(3.8)

M _ m _(m_ (D
m " %am = Xy 0 Kz T A

Substituting (2.4) into (3.2) and using (3.7) and (3.8), we obtain the following formulae in the same
wayas (34)and 35)(m=1,2,k=1,2,3)
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Mo (1) = x{PU, (1) - Vs, (0)

Moz (1) = =x§ U, (1) - MV, (1) (39)
Moy (1) = %5 U, (1) = MGV + WP Vo (1)

Vi =‘J;Jxm“’kd"|dx2

According to (3.8), the terms with & = 3 are equal to zero in the first sums. It follows that the moments
My; are independent of the volume Uj of the domain bounded by the deformed surface of the half-
space and the plane x; = 0.

An argument similar to (3.2)-(3.9) leads to the following results for boundary conditions

(1.3)
R=R=0, Ry(t)=-wV(1)

Mo (1) = —mGVi (1), M (1) = WPVi5(1), Mgy =0 (3.10)

H(sas) =\/|l)2| /IA 33'» A =E°A ntE3;A

A23='§|‘Y|o- 82% 20 C.ﬂsou

Unlike (3.8), here the moments are independent of the integral displacements U, and U,.

As follows from (3.4), (3.8) and (3.9), the integral forces and moments are linear combinations of
the kinematic characteristics with coefficients depending only on the properties of the medium.
According to (3.7), the non-zero coefficients x%), in (3.9) are defined by five pairs of differences of ten
constants

(2) _ 5, () _ 2) _
2x5) =2 =cy5 a5, 257 =cy—cpy (3.11)

a _ ay _ ) _
2%3] =Cs5— €13, 2%y =Cs6—Ciqs 2%3) =Cp5—Cyg

The coefficients p(li,), in (3.4), (3.9) and (3.10) depend on six different elements of the matrix D,: cs;,
C4s, C35, Ca4y C34, C33. It fOllows that in the general case of anisotropy the contact forces and moments
are independent of some elasticity constants: in the case of boundary conditions (1.3) they depend on
six elements of the matrix D,, and in the case of (1.2) on 11 such elements (by (3.11) the above six
elements are supplemented by c3g, €23, €13, €56C145 C25C46)-

For elastic forces with symmetry one can find explicit formulae for the coefficients u(",,,f and x(,',',),. Let
us present the results for some cases of symmetry [8] (the first number in brackets indicates the total
number of interdependent elasticity constants and the second one the number of constants in the
formulae for the forces and moments).

Symmetry about the plane xx; (13-7)

2) _ ) — () — () — D) =
"gl) =x3) =xy =Ry7 =Rz =0

WD =8, — 3@y~ 8 /B 1Y =exs(C —end(C-81)
M3 =G+ G -us mE =G ul =58 /i) (3.12)

1
2, = 5(033 + g5 F(c33 — Cs5)* + 4cks ) &3 >&

B? = cks + (L3 - cn)’
Second order axis of symmetry x3 (13-7)

) _ 2y (1) _ (2)
xy) =%3) =Py =H3y =0

uiY =8a ~ k5§ =) /B2 1Y = s8] - cas )Gy 1)/ B (3.13)
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W _ « D _ .Gy _
uy =8+, —ui. “(33)-1133)" 3

1
iy = 5(‘344 +Css ;\/("u - css)? +4cks ) g, > &,

2 2 2
03 =cyn BE=cls+ (5] —cy3)?

Orthotropic medium (9-5)

(2) _ (1) _ () _ o (2) _ W _
%3 —"(32 —"(21 -"(21 =0, My =L8adu (3.14)

uY =85, Ll =csss GG =cus G=cp
The x5 axis being an axis of symmetry of order three (7-3) or four (7-3), transversely isotropic medium
(5-3), or cubic symmetry (3-3). These media are indistinguishable in terms of the formulae for the
resulting forces and moments. Formulae (3.11) and (3.14) with ¢s5 = c44, €13 = ¢33 remain valid.
Isotropic medium (2-2). In this case it is necessary to put ¢33 = 2c44 + ¢y3 in the corhputations for a
transversely isotropic medium. Using (2.17), we have

2
. =Y o Y1 % (3.15)
&= - gs Th, %31 T X 2( 2 2]

Acoustic medium (1-1). It makes sense to consider only the boundary conditions (1.3) and the
corresponding formulae (3.10), where u%) =y

4. RESULTANT REACTIONS

The relation between the contact forces (3.5), (3.9) and (3.10) can be applied directly to the contact
problem only in the so-called supersonic case (2 = Q,), which can be realized for a punch bounded
by a smooth convex surface IT at the initial stages of the interaction. In this case the boundary oQ of
the contact domain can be defined precisely as the intersection of the boundary surface IT of the punch
and the plane x; = 0.

The presence of a supersonic interaction stage for an anisotropic elastic medium is due to the bounds
for the rate of change vy of the boundary dQ of the contact domain in the normal direction Ng

UnZcy Y(x), x,)€00, cy=max(cy, Cn, Ciy) 4.1

Here ¢, are the velocities of propagation of elastic waves in the direction of Ng. For an isotropic medium
this inequality can be simplified accordingly [5].

First, we shall find the integral kinematic characteristics in (3.1) using a specific form of the displace-
ments w; in (1.5) and formulae (1.6) and (3.9)

U}. = s] = S2.j + “st’ V] = deS+€jlm(‘ols2.m
Vg =uciV+ Va5 Vau =S s +€jim® T im (4.2)

It = 1y o + UckS2.n + UcnS2.6 + UcrliomS

Here ¢, are the components of the Levi-Civita pseudotensor, and the coefficients of the kinematic
parameters have the following geometric meaning: S is the contact domain area Q; S; and I, (k,m =
1, 2) are its static moments and moments of inertia about the axes of the system of coordinates Oxx,;
S, 4 and I,,, are the analogous geometrical characteristics in the system of coordinates O,z,z, obtained
by a parallel translation of Oxyx; to the point O,, the projection of the centre of mass of the punch onto
the plane x; = S, is the difference between the volume of the imbedded part Gy of the punch and
the volume of a cylinder with support Q and height u3; I3 = I3; and I33/2 are the geometric static
moments of Gy with respect to the planes x; = 0,x, = 0 and x3 = 0, respectively. )

Substituting (4.2) into (3.5), (3.9) and (3.10) and using (1.7), we obtain the following expressions for
the resultant contact forces and moments
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rigid contact
Ry =W S+€;,5, o))
M, = ucyRy + %3S, — MYV, 5, (4.3)
My = ~ucsRy = %508, + WiV,
My = x5S, — WiV, + W Va
free slipping

Ri=Ry=0. Ry=-Wic;S+0,5,, - ©,5,,)
M =-mPVs 0. M, = WPV13. My =0 (44)

We observe that the expression for R; in (4.4) corresponds to that found in [6].

It follows that formulae (4.3) or (4.4) enable us to reduce the problem of determining the kinematic
parameters of the punch to integrating a quasilinear system of ordinary differential equations in the
supersonic case. To complete the problem one should construct formulae for the geometrical parameters
S, S24 and I 4, as functions of the linear angular displacements of the punch, which is easily done if
the form of the surface I1 is specified.

On the basis of (4.3) and (4.4) one can consider various cases of symmetry of an elastic medium in
accordance with the discussion in Section 3 and investigate special cases of the contact problem such
as plane-parallel and vertical motions of a punch or the plane problem. In the last case formulae (4.3)
and (4.4) are the same as those obtained in 6] for an isotropic medium.
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